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BEST CONSTANTS AND EXISTENCE OF MAXIMIZERS FOR 
WEIGHTED MOSER-TRUDINGER INEQUALITIES 

MENGXIA DONG AND GUOZHEN LU 


Abstract. Sharp Moser-Trudinger inequalities and existence of maximizers for such 
inequalities play an important role in geometric analysis, partial differential equations 
and other branches of modern mathematics. Such geometric inequalities have been 
studied extensively by many authors in recent years and there is a vast literature. In 
this paper, we will establish the best constants for certain classes of weighted Moser- 
Trudinger inequalities on the entire Euclidean spaces . More precisely, for given 

N >2, —oo < s < t < N, 0<a< aN,t ■= {N — and <I>Ar(t) := J2%n-i 

will show there exists a positive constant C = C{N,s,t,a) such that the following two 

inequalities 


FI FI 


u 


<C(, ^ 

Riv |a;| Jrn \x 


N 


' N-t 

-dx) 

(0.1) 

N-t 

dx) 

(0.2) 


holds for all functions u G |a;| ®da;) fl with || Vu||iiV(RiV) < 1. More- 

1 

over, the constant = (X — is sharp in the sense if a > aN,t, then none 

of the above inequalities can hold with a uniform constant C for all such u. We will 
also prove the existence of maximizers of these sharp weighted inequalities. The class of 
functions considered here are not necessarily spherically symmetric. Our inequality (EH) 
(Theorem 1.1) improves the earlier one where such type of inequality was only consid¬ 
ered for spherically symmetric functions by M. Ishiwata, M. Nakamura, H. Wadade in 
[3] (except in the case s 7 ^ 0). Since /rn < /rn 

our inequality (10.21) is stronger than inequality (10.11) . We can also replace the weight 
in Theorem 1.2 by for g > A^ (Theorem 1.3). 

We note that it suffices for us to prove the above inequalities for all functions not 
necessarily radially symmetric when s = t by the well-known Gaffareli-Kokn-Nirenberg 
inequalities [9]. 


1. Introduction and main results 

In this article, our main purpose is to establish the weighted Moser-Trudinger type 
inequalities with sharp constants and consider the existence of a maximizer associated 
with the weighted Moser-Trudinger type inequalities. The method we develop here does 
not need to assume the functions under consideration to be radially symmetric. 

It is well known that Sobolev embedding gives us continuous embedding IUo’^(f2) C 
L'^(f2) where kp < N when fl C M^(A > 2) is a bounded domain with 1 < g < 
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and W^'^iVt) C for 1 < g < cxo. However, it is not hard to show that in general 

Vho^’^(r2) ^ L°°{VL). In this case, Yndovich [TU] , Pohozaev m and Trndinger [T3] proved 
independently that WQ^’^(r2) C L<^^(r2), where is the Orlicz space associated with 

the Yonng fnnction (pAr(t) = exp(/5|t|'^/'^“^) — 1 for some (3 > 0. J. Moser proved the 
following sharp resnlt in his 1971 paper [8]: 


Theorem A. Let VL be a domain with finite measure in Euclidean N-space N > 2. 

/ N \ Iv^T 

Then there exists a sharp constant = N j such that 


1 

M 


exp{f3\u\'^^)dx < Co 


in 


for any (3 < aN, any u G Wo^’'^(r2) with |Vtt|^dx < 1. This constant (3 n is sharp 
in the sense that if (3 > I3 n, then the above inequality can no longer hold with some cq 
independent of u. 

There are many generalizations related to the above classical Moser-Trndinger ineqnal- 
ity, in particnlar to nnbonnded domains. As a scaling invariant form in M^, Adachi and 
Tanaka |1] proved the following ineqnality on the entire Enclidean space 

(N \ j\^ _^ 

r(X+i) ) ’ there exists a positive 

constant C = C{N, a) such that the inequality 

[ <hv(a|n(x)|^')(i3^ < 

Jrn 

holds for all u E lY^’^(M^) with || VM||iiV(RiV) < 1, where 

:= ^2 t > 0. 

j=N-i^- 


Moreover, the constant aN is sharp in the sense that if a > aN then the inequality cannot 
hold with a uniform constant C independent of u. 


Recently, Lam, Ln and Zhang proved in [6] the precise asymptotic estimates for the 
following snpremnm. 


/ N \ jY_ 2 

Theorem C. Let N > 2, aN = N ( r^+i) ) : 0 < (3 < N and 0 < a < un- De¬ 

note 


AT{a,^)= snp 


(pN \ Oi { I 


L 

N 


u 


N 

N-1 


dx 
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Then there exist positive constants c = c {N, /3) and C 
close enough to ckjv : 


c(7V,/3) 


1 _ ^ 


On 


N- 


_1\ 


< AT {a, (3) < 


C {N, (3) such that when a is 


C{N,f3) 



{N-p)/N ■ 


( 1 . 1 ) 


Moreover, the constant is sharp in the sense that AT {aN,l3) = oo. 

The upper bound in the above estimates for the subcritical case was obtained by an 
argument inspired by the work of Lam and the second author [5] where a local Trudinger- 
Moser inequality on the level sets of the functions under consideration can lead to a global 
one on the entire spaces, without a priori knowing the validity of the critical inequality. 

We remark that in dimension two, the upper bound for the AT{a, j3) was also obtained 
in [2] using the critical Trudinger-Moser inequality in [T2]. We also note in the above 
theorem, we only impose the restriction on the norm without restricting the 

full norm 


|Vtt|^ + r 


\u\ 


\N 


l/N 


< 1 . 


The method in |1] requires a symmetrization argument which is not available in many 
other non-Euclidean settings. The above inequality fails at the critical case a = a^. 
So it is natural to ask when the above can be true when a = a^. This is done in Ruf 
[T2] and Li-Ruf [7] by using the restriction on the full norm the Sobolev space . 


Theorem D. For all 0 < a < ajsi : 


sup 

||u||<l . 


( a \u\ ^-1 ) dx < oo 


( 1 . 2 ) 


where 

[ dx 

Moreover, this constant is sharp in the sense that if a > a^, then the supremum is 
infinity. 




Surprisingly, Lam, Lu and Zhang have shown in [6] that the subcritical Moser-Trudinger 
inequality in |3] and the critical Moser-Trudinger inequality in |T2l [7] are actually equiva¬ 
lent. Then we will provide another proof of the sharp critical Moser-Trudinger inequality 
using the subcritical one, and vice versa. Furthermore, we have shown the following pre¬ 
cise relationship between the supremums in the critical and subcritical Moser-Trudinger 
inequalities. 


Theorem E. Let N > 2, 0 < f3 < N, 0 < a, h. Denote 

MTa,b{f3)= sup [ (j)N (aN (l-\u\~] 

l|Vii|R+lhll^<i>^R^ V V / fI 

MT (/3) = MT^,^ ifi). 
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Then (/9) < cxo if and only if 6 < A^. The constant aj^ is sharp. Moreover, we have 

the following identity: 




N-p 


MTa,b W) = sup 

«G(0,q:jv) 


In particular, MT (/3) < cxd and 


\OiN 


a 

aN 


N-l I 
N ^ 


AT {a, 13) 




MT (/3) = sup 

Q!G(0,a;iv) 


\OtN 


N-e 

N-l\ -IT 


QiV 


N-l 


AT{a,f3). 


(1.3) 


Concerning the weighted versions of the Moser-Trudinger inequalities, Ishiwata, Naka¬ 
mura and Wadade [3] investigate for the scaling invariant form for the weighted Moser- 
Trudinger inequality by hnding its best constant and proving the existence of a maximizer 
for the associated variational problem. Indeed, they proved the following inequality: 


Theorem F. Assume N > 2, —oo < s < t < N and 0 < a < ■= {N — 

then there exists a positive constant C = C{N, s, t, a) such that the inequality 

f A < C( / 

Jm.n Fr fI 

holds for all radially symmetric functions u G with || VM||iiV(]RiV) < 

1 

1. Also the constant = {N — t)u^z\ is sharp for the inequality. 


To prove Theorem F in j3], by taking advantage of the spherical symmetry of the 

iV-1 

functions under consideration, they dehne a function v{x) := ^ 'u(|a;|'^) where 

u{x) = 'u(|a;|), direct computations show that 


l|Vn||LiV(KiV) = ||Vn||iiV(]RiV) 

II ^ II 

f <S>„{a\u\'"'’’-»)A = 

JvN \xr 


N 


N-t 


<F 


N 


N\ 


N-t 


a\v 


N/{N-1) 


)dx. 


Thus, the weighted parts could be eliminated, then the proof of Theorem F can be re¬ 
duced to that of Theorem B. 


The above argument cannot work if the function u is not radially symmetric. Then a 
natural question to ask is: can we remove the radially symmetric condition for functions u 
under consideration in Theorem F? We will prove in this paper that Theorem F is indeed 
true even when u is not necessarily radially symmetric. This is the first main result of 
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our paper. 

It is interesting to note that in Theorem F we could not apply the symmetrization 
method given by Moser in [8] because of the existence of the weights. 

Now we shall state our main result of this paper, we assume the condition of exponents 
as follows: 

N 

N >2, —oo < s < t < N, N' = ——^ and 0 < a < aN,t ■= {N — t)u^_\ (1.4) 


Theorem 1.1 Assume then there exists a positive constant C = C{N, s,t,Oi) such 

that the inequality 





N-t 

N-s 


(1.5) 


holds for all functions u G |x| with || V'u|| 2 ,iV(]Rjv) < 1. Moreover, 

1 

the constant aN,t = {N — t)u)f^z\ is sharp in the sense that if a > aN,t then the inequality 
/ fi.,5]) cannot hold with a uniform C independent of u. 


To prove Theorem 1.1 for functions which are not necessarily radially symmetric, we 
employ a different method than that of Ishiwata, Nakamura and Wadade in [3] to prove 
Theorem F. The main idea is to apply a new way of change of variables to eliminate the 
weights in inequality fll.Sp . We will dehne a new function v corresponding to u which could 
keep the gradient norm less than 1, and eliminate the weights of integral at the same time. 

Next, we notice that Then we like to know: could 

we extend the inequality in Theorem F by replacing the function by 
on the left hand side? This is the second main result of this paper. 


Theorem 1.2 Assume ^1-41 ), then there exists a positive constant C = C{N, s,t,a) such 
that the inequality 



„a\u\^ 


\U 


N ^ (j 

\xV ~ 




N-t 

N-s 


( 1 . 6 ) 


holds for all functions u G |x| ^dx)r\H^’^{RA’) with || V'u|| 2 ,iV(]Rjv) < 1. Moreover, 

1 

the constant aN,t = {N — t)u)f^z\ is sharp in the sense that if a > aN,t then the inequality 
hi. 04 cannot hold with a uniform C independent of u. 


To prove Theorem 1.2, we verify the non-singular case, which states that, for N > 2 
and 0 < a < there exists a positive constant C = C{N, a) such that the inequality 
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holds for all u G with ||VM||iiV(RiV) < 1. Then fll.6p can be obtained by using 

the same method of changing variables used in the proof of Theorem 1.1 to eliminate the 
weights. 

In fact, for q > N, we could have a more general form for this inequality. 


Theorem 1.3 Assume /il.4\ ), then there exists a positive constant C = C{N,q, s,t,C() 
such that the inequality 


\xr 


\u\ 


■dx 


/rjv |a;| 


N-t 

N-s 


(1.7) 


holds for all functions u G |x| ^ds) fl H 


rl,V 


with IIVM||iJV(Rjv) < 1. 


Next, we shall discuss the existence of a maximizer associated with each of our inequal¬ 
ities. Ishiwata, Nakamura and Wadade have proved in [5] the existence of an maximizer 
for the inequality fll.Sp in Theorem 1.1 for radially symmetric functions. 


To extend this result to functions that are not necessarily symmetric, we will show 
that any maximizing sequence must be obtained when they are radially symmetric, con¬ 
sequently, we only need to consider the radially symmetric functions. 

Use and denote the weighted Sobolev spaces dehned by 


:= {m G M is radially symmetric}. 


''s^rad 


Then we dehne the sharp constants dN,s,t,c 


t,N\ 


and of fll.51) and fll.bp by 






[>N\ 


^N\ 


sup 

^ \rl,N 

UGXs 

sup Gjv,s,t,a(w), 


where 




/rJV ^ n { 


a\u 


N'\ dx 
)\x\^ 


\U\ 


N{N-t) 
\ N-s 


;\x\-^dx) 




Jr^ ^ 1^1 \x\^ 


\u\ 


N{N-t) 
■ N-s 


( 1 . 8 ) 


(1.9) 


I ■,\x\-=dx) 

By a suitable renormalization argument and compact embedding theorem for radial 
Sobolev space we prove the following Theorem. 


Theorem 1.4 (i) Assume (1.4) holds, then the sharp constant is attained. 
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Assume holds, then the sharp constant is attained. 


The paper is organized as follows: In Section 2, to eliminate the weights in the weighted 
Moser-Trndinger ineqnality in Theorem 1.1, we will employ a new method of change of 
variables to establish Theorem 1.1. In Section 3 we prove two lemmas directly corre¬ 
sponding to Theorem 1.2 and Theorem 1.3. Then we will complete the proof of Theorem 
1.2 and Theorem 1.3 in Section 4. The existence of the maximizer (Theorem 1.4) will be 
established in Section 5. 


2. Proof of Theorem 1.1 


It is not hard to see that it snffices to prove that ineqnality fll.Sp holds for the special 
case s = t, which states that, nnder the assnmption fll.4l) . there exists a positive constant 
C = C{N,t,a) snch that the ineqnality 




holds for all fnnctions u G with || Vn||x,iV(Rjv) < 1. 


\u 


N 


-dx 


\x\ 


( 2 . 1 ) 


Once we have proved this special case fl2.ip . the general case s < t follows immediately 
by applying the following Caffarelli-Kohn-Nirenberg ineqnality established in [9]. 


Theorem G. (Caffarelli-Kohn-Nirenberg inequality) For u G In what 

follows p, q, r; a, (5, a and a are fixed real numbers satisfying 


> 1 , 

1 a 

“ S—) 

p n 


r > 0, 


1 + -, 

q n 


0 < a < 1, 



r n 


( 2 . 2 ) 

(2.3) 


where ^ = aa + {1 — a)(3. 

There exists a positive constant C such that the following inequality holds for all u G 

00°° (M"), 

lll^rMlI^, < (2-4) 

if and only if the following relations hold: 



r n 


,1 a — 

a{- + - 

p n 


In /n n/1 

q n 


(2.5) 


Furthermore, on any compact set in the parameter space in which ( fg.gj) . ^2.5\) 

and 0 < a — cr < 1 hold, the constant F is bounded. 


Therefore for q > N, applying the conditions in this Theorem we have 

N-t ^ N-t 

||^||L9(RJV;|x|-*(ia:) < ^11'^11 |1 Vlf || ^jv(kIV) • (2-6) 

Apply this to fl2.1l) we can directly get the ineqnality fll.Sp in Theorem 1.1. 
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Now we begin the proof of Theorem 1.1. 


Proof. Let 0 < a < and let u G with ||VM||LiV(RiV) < 1. We dehne the function 
V E for X G by the formula below, 

v{x) := u{\x\7^x). (2.7) 


Consider the vector-valued function F : —)■ dehned by 

t 

F{x) = |a;| 

the Jacobian matrix of this function F is 


Jp — 


t , „ 3t-2N 

/y* W —£ J- _ - _T N—t 

I I I vO ^ I iXy I 

. 3£-2iV 

i^,X2Xi\x\ N-t 


—^XiX2\x\ 

t , „ 3t-2N 

\x\ J- 


—^XiXn\x\ 

, 3t-2N 

—^X2Xn\x\ N-t 


\ —^XnXi\x\ N-t 

direct calculations show us 


—^XnX2\x\ 


1 / T \ ^ \ i-XL 

det(Jp) = 


Then for 


\v{x)\^dx = 


7V-£\N-i 




u{\x\N-tx) ^dx, 


using change of variables yi = |a;| i = 1, 2,..., A^. We have 

TV Nt 

dy = det( Jp)(ia: = — — -\x\^-^^dx, 


, N — t dy 
dx = — 

N \yf 


therefore, we have 


\v{x)\^dx = ^ 


7V-£xiv-i 

N ) 

N ) L 


u{\x\N-tx) ^dx 


I / \\N 


Now we begin to consider the gradient of v. After calculations, we have 


= Vv{x) = 


N-t\^ 






N’ jT dx2 

^ T? 


( 2 . 10 ) 


( 2 . 11 ) 


^(iMlyi) 

^(|m|^i) 


-(1^1 ^--tx) 


— £ \ iw /, du 


x\ (|a^| ^-*(r) + Aij , 


Hence we have 
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for i = 1, 2, where Ai is defined by following 

N 


. ^\ t I I 3t—2N 3%i , I I t 


i=i 


Substituting them into |Vn(a;)p, we obtain 


N 


i=l * 

N-t 


N 


du 


—(| t |^-* t ) + At 


i=l 


A^ —, 2 t / du 


N 


N 

N-t 

N 


2 = 1 


du 


N 


^2 1^1 ^ 2Aj|x| ^—(kl ^-‘t) + ^2 


2=1 


dxj 


2 = 1 


Jl + J 2 + /; 


Direct computations show us the first term 

2t I t |2 

/i = |Vtt(|T|^-‘T)| , 

Applying the Cauchy-Schwarz inequality to estimate the second term, we get 

N 


T 4 I I * du 

2=1 
2 t 


dx. 

N N 


x\ ^-^x) 


N-t' 
2 t 


Ixl^ 


X—^ X—^ XiXj du I t du ,, I t , 


i=l j=l 
N 


|xp dxj 


dxi 


\x 


N-t V ^ Ixl dxi 

2=1 ' ' 


E Xi Oil . t ^ 


< 


2 t 


N 


N-t' 


\x\ 


i=l 


5:(fgr)(E(£(i 


N 


du 




2=1 


dxi 


x\N-tx 


N-t 

Similarly for the last term we have 

N N N 


2 t , I 2t I I t 12 

xI'V-t |V'U(|T|'V-ta;)| 


V—^ 9 V—^ / V —^ t , , 3t — 2N du ,. . t 

13 = 2^ A, =2^i2^^^XiX,\x\ —{\x\^-^x 


2=1 


i=l j=l 


, „ N / N 

<'vd7)5: (Zl 

i=l \ j=l 


N 


3t^^2iVx 2 


XiXj\x\ 


du 




dxt 

j=i j 




\|2 
x\ 
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Combining them together we have 


|Vn(x)p < 
This leads to 


N-t 

N 


x\N-t -\- 


2t 


N-t 


I X 




t \2| I 

\x\ 


-L- N |2 


x\ X 


|Vn(a:)| < 


N 


N , . t 


.N-t 

Using the change of variables again, we get 

N r 




\'Vv{x)\^dx < 


i\ t I /II t \ I 

x|^-* |Vti(|a;|^-‘a;)| dx 


N — t Jr AT 

\Vu{y)fdy. 


By fl2.11l) . fl2.12l) we obtain 


\u 




^ ■,\x\~*’dx) 


N 


n TNCmN 


N-t 

IIV'u||2,iV(Rjv) > IIVnllLiV(RiV). 
From computations we also have 




$7v(a|w(y)r')j^ 

{a\u{y)\^'y dy 


i=N-l ' 
oo 

^ E 

i=N-l • 


/RiV l\ 

f N a 


\y\^ 


\ /, I * \|-N'i , 

— |M(|x|^-*xj| dx 


N -ti\ 



N \ cy^ AT/ • 

— |u(x)| *dx 


N-tJ i\ 


i^Mvixr'Y 


■dx 


i=N-l ■ 


N 


N 


N-t 


tN{j^^a\v(x)\'^')dx. 


)|' 


( 2 . 12 ) 

(2.13) 

(2.14) 


(2.15) 


Since 0 < and ||Vu|| 2 ,iV(Riv) < 1, by applying Theorem B 

and fl2.13p . fl2.15p we have 


<F7v(a|M(x)|^') 


/, dx N 
x|* N-t 

<Ca||u 


^ a\v{x)\^')dx 


\N 


—C Ib/ll^ 

— D'all «|lLlV(RJV.|a,|-trf3,). 


(2.16) 
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This is exactly the special case fl2.ip . therefore we have proved the inequality fll.Sp in 
Theorem 1.1 by using the Caffarelli-Kohn-Nirenberg inequality. 


Next, we want to show a]sf,t is the sharp constant for (II.5p . here we apply the following 
modified Moser’s test sequence used in [3]. 

For k eN, define a sequence Uk such that Uk E by 

' 0 */ |a;| > 1 




I N log —— if e < |x| < 1 


\x\ 


/ f \ 1 ^ .. I I fc 

(- )^(t 7 -if 0 < X < e 

, OlAT-i N — t 

Direct computation show that || Vttfc||L^v(Rjv) = 1 for all k E N, and we have 

r pO‘N,t\uk\^'\N 

jRiV C \Uk\ |^|t 


\M 


N{N-t) 

N-s 


-E oo as k ^ oo, 


(2.17) 


which implies inequality fll.Sp fails when a = a^^t, hence we hnish the proof of Theorem 

1 . 1 . ’ □ 


3. Two LEMMAS 

In this section, we provide the proof for two lemmas in non-singular form (e.g. inequal¬ 
ity (1.3) when f = s = 0). The proofs of these two lemmas can be done using an idea used 
in the work of Lam and the second author [5] by considering level sets of the functions 
under consideration. This can be carried out in more general singular case (including the 
case s = 0, but t ^ 0) without using symmetrization. However, we present a proof using 
the symmetrization argument of Moser [S] in the non-singular t = s = 0. 

1 

Lemma 3.1 Suppose N > 2. Then for any a E (0,aAr), where = Nuf^Zi, there 
exists a constant (7^ > 0 such that 

f \u\^dx < (3.1) 

Jrn ^ 

holds for all functions u E hF^’^(M'^) with || Vm||ljv(kiv) < 1. 

Proof. To prove this lemma, we use the idea of means of symmetrization given by Moser 
|8] . Then it is suffices for us to show inequality fl3.ip satished for non-negative, compactly 
supported, radially symmetric functions u{x) = hdxl), and u{\x\) : [0, cx)) —)■ M are de¬ 
creasing. 

Following Moser’s argument, we set 

. , N — 1 , t . , , AT 4- 

w{t) = = e ^ 
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Then we have w{t) dehned on (— 00 , 00 ) and satished 

w{t) >0 for t e M, 

w'{t) >0 for t G M, 
w(to) = 0 for some to G M. 

From calculation we have 


\Vu\^dx= / UN-i\uWx\)\^\x\^~^d\x\ 

Jo 


' —00 
poo 




(3.2) 

(3.3) 

(3.4) 


(3.5) 


\u{x)\^dx— / WAr_i|'(((|3'|)p| 2 ;|™ ^d\x 

Jn 

(*00 

tN- 1, . i-x—L.iN-t 


1 


NN 

1 


’ —00 
poo 


^UN_i\u{e ^dt 

\w{t)\^e~^dt. 


(3.6) 




u{x)\^dx = 


a- 


J-(N-l) 


=V_i U -(N- 1))! 7m2v 


{\u{x)\^'ydx 


a 


d-(N-i) 


£1 (]-(N- 1))! h 
_ lAl - 




(Ujv-i /■“/I, . Mwxj 4, 

/_”e^l”<‘""'|u,(i)re-‘di. (3.7) 

Therefore to prove our lemma it suffices to show that for jd G (0,1) there exists (7/3 > 0 
such that 

/ oo ^ noo 

e^l"’(*)l^ |tc(f)Ze-*(if < (7/3 / (3.8) 

-OD J —OO 

for all function w{t) satisfying the conditions fl3.2l) - fl3.4p and \ w'{t)\^dt = 1. 

Set To = sup{t G M|r(;(f) < 1} G (—cx),cx)], then we split the integral set to be 
(—CX3, To] U [To, 00 ). Next we will show the inequality satisfied for each of them. 
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For t G (—C) 0 , To], we have w{t) G [0,1], therefore := Ci^js on this integral 

part. Hence we have 


r-To 




w{t)\^e ^dt < I \w{t)\^e ^dt. 


r-To 


N^-t, 


(3.9) 


Then we consider the second integral over [To,cx)). Since w(To) = 1, apply Holder’s 
inequality we have for f > Tq 

w{t) = w{To) + f w'{T)dT 
Jto 


< 1 + (f — To 

< 1 + (f — To 


dr 


'To 


Then we need to apply an inequality, for any e > 0 there exists a constant > 0 such 
that 

1 + < ((1 + e)s + Ce)^ 

for all s > 0. Therefore we have 

'"'{t) < [(1 + e){t — To) + Cf:]TF. (3.10) 

For any fd G (0,1), it is possible for us to choose an e small enough such that (3{l+e) < 1. 
Then applying fl3.10l) for our integral we have 




\w{t)\^e ^dt 


'To 

roo 


< I exp (/3((1 + e)(f — To) + C^) — tj ((1 + e)(t — To) + (Fe) dt 


'To 

noo 


= I exp ((/3(1 + e)-l){t- To) + /dC, - To) ((1 + e){t - To) + af "dt 
Jto 

=/l + Ji, 

where Ji and Ji are obtained by using integration by parts as follows. 

For short we set Ap{t) = exp ((/5(1 + e) — l)(t — Tq) + (dC^ — Tq), therefore we get 


h = 


/3(1 + e) — 1 

(7V-l)(l + e) 


^/3(^)((1 + ^)(^ ~ ^o) + C'e) 


N-1 


i=oo (jTl lg/3Ce 


.-To 


t=To 1 — /3(1 + e) 


Ji = 


^,3(^)((1 + ^)(^ ~ ^o) + Ce) dt. 


1 — /?(1 + e) 


'To 


We could apply the similar integration by parts repeatedly and dehne 


Jk Ik+1 Jk-\-li 
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Hence we have 

Il + Jl = Il + I 2 + J2 = ■■■ = Jn + Iki 

direct computation shows us 


N 


k=l 


Jk 


(A^- l)!(l + e)' 


^/3(^) ((1 + ~ ^ 0 ) + C'e) dt, (3.11) 


(iV-fc-l)!(l-/3(l + e))^^ 
for k = 1, 2,— 1. Therefore we have 


N—i r°° 


Jn-i — 

where it is easy to see Jn = 0. 
On the other hand we have 


(jV-l)!(l + £) 

(1 - 13(1 + £))«-■ Jr„ 


Ais{t)dt, 


(AT-l)!(l + e)^-^C'f-^e^^' 
(iV-fc)!(l-/3(l + e))^ "" ’ 

for k = 1,2,..., N. 

Since e is only related to (3, we dehne (72,/j as follows 

^ A (A^-l)!(l + e)^-^C'f-^e^^' 

<-2,/3 - 2^ 


(iV-fc)!(l-/5(l + e)) 

Since w{t) > 1 on [Tq, cxo), we have 


w{t)\^e ^dt> I e *‘dt = e 


-t^+ _ „-To 


'To 


'To 


So we get 




N 


W 


'To 


k=l 


'To 


(3.12) 


(3.13) 


(t)l^e ^dt <'^Ik = C2,^e <C2fi / |tc(t)|^e ^dt. (3.14) 


Now setting Cp = max{(7i„a, C 2 ,p}, which is only dependent on jd and N, and combining 
M with fl3T4ll . we get 




w{t)\^e ^dt <Cp \w{t)y^e ^dt. 


Thus, the lemma is proved. 


(3.15) 

□ 


Lemma 3.2 Assume 2 < N < q. Then for any a G (0, a^), where = Nojff_\, there 
exists a constant C = C{N, a,q) > 0 such that 


holds for all functions u G L'^(M'^) 0 with || VM||LiV(RiV) < 1. 


(3.16) 
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Proof. As in Lemma 2.1, we apply the method of symmetrization and define 


w{t) = 


ixr = e-h 


on (—cx), cx)) that satisfy fl3.2p - fl3.4l) . 

Then direct calcnlations show 

p poo 

/ \'Vu\^dx= / \w'{t)\^dt, 

J-oo 

f \u{x)\‘^dx = f \w{t)\‘^e~^dt, 

Jr^ J-oo 

[ \u{x)\‘^dx = 


(3.17) 

(3.18) 

(3.19) 


Therefore, to prove onr lemma it snffices to prove that for /3 G (0,1) there exists Cp > 0 
snch that 

/ oo ^ poo 

e^\^d)\'^\u,{t)\^e-^dt<Cp \w{t)fe-^dt (3.20) 

-OO J —oo 

for all fnnction w{t) satisfying the conditions fl3.2p - fl3.4p and \ w'{t)\^dt = 1. 

Argning similarly to what we did in Lemma 3.1, we set Tq = sup{t G M|tc(f) < 1} G 
(—CX), CX)], and split the integral set (—cx), cx)) to be (—cx, Tq] U [Tq, x). 

For t G (—x,ro] we have w{t) G [0,1], therefore := on this integral 

part. Hence we have 


f ° < Ci^p j ° \w{t)\ie-^dt. 

J —OO J —OO 

Next, we consider the case when t G [Tq, x). Applying fl3.10p . we have 

PCO , 


(3.21) 


'To 

roo 


< / ex 
Jto 


;p[(/3(l + e) - l)(t - To) + I3C, - To][(l + e){t - To) + 


Na 


—II + A — /l + /2 + <72 — ... — Jn^ + Ik 


k=l 


where Ng = \q — Then from the calcnlation we know 
(jv — i)\(i-i- 

Ik < ^ " e-^°, k = l,2,...,Ng 


(Ng - k)\{l -/3{1 + e)y 


(3.22) 
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Then we estimate Jjv^ and get 

(A^,-l)!(l + e)‘' 

"• - (iV, - fc - 1)!(1 - ;3(1 + £))>= 


'To 


((1 + ^)(^ “ ^o) + C'e) 


■ JV ^'1 


dt. 


Noticing g — ^ — A^"gG(—1,0], thus 

((1 + ^)(^ “ ^o) + C'e) 


therefore 


Jn„ ^ 


(iV,-l)!(l + ey 


' N ^ N 




O-To 


{N,-k- 1)!(1 - /3{1 + e))^ 1 - /5(1 + e) 
Since e only depends on /5, we choose € 2,13 as follows 


(3.23) 


(N, - 1)!(1 + £)' 


^ {Ng -k - 1)!(1 - /3(1 + e))^ 1 - /?(1 + e) 
Thus, we can conclude 


N 


+ 5 : 


fc=l 


(iV,-fc)!(l-/5(l + e))^ ■ 




'To 


\w{t)\^e ^dt < 6 * 2,/3 / |tc(f)pe ^dt. 
Jto 


Combining (I3.2ip with (I3.24p together, we have then proved Lemma 3.2. 

4. Proofs of Theorem 1.2 and Theorem 1.3. 


(3.24) 

□ 


Now we begin to consider Theorem 1.2. As in Section 2, it suffices for us to prove the 
inequality of the special case s = t, which states that, under the assumption fll.4l) . there 
exists a positive constant C = C{N, t, a) such that the inequality 


\xr 


\u\ 

N 

\x 

|t 


dx 


(4.1) 


holds for all functions u E with || Vn||i;,iV(Rjv) < 1 . 


Once we have proved the special case fl4.ip . the general case s < t follows immediately 
by applying the Caffarelli-Kohn-Nirenberg inequality fl2.6p . 


However, since the functions u under consideration are not required to be spherically 
symmetric, we cannot use the symmetrization method to reduce the proof of (14.11) to only 
spherically symmetric functions due to the existence of the weight |^. Therefore, the 
method used in [3] does not work here. To overcome this difficulty, we will develop a new 
argument of change of variables to attack this problem. 


Now we begin the proof of Theorem 1.2. 

Proof. Let 0 < a < and let u G X^X with || VM||j;^Ar(RAr) < 1. We define the function 
V G 1T^’^(M'^) for X G in the same way as in fl2.7l) . 

v{x) := ^ u{\x\^^x). 
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Form fl2:T^ . fimD . we have 




N 


T r JVmJV 


N-t 

I V'u||2,iV(RjV) > II VT||2,iV(RiV). 




(4.2) 

(4.3) 


Direct computations show 




i=0 ' 
oo 

x 

i=0 ■ 
oo 


iv-11 , ~,\N 

Hv)\ ^ 

(a|M(y)|^')Y ,,„ ..N'{N-l)^ 

^\ \yY 

N a*| 1^ s|A'(i+A-i), 

— |M(|a:|^-‘a:)| ax 


N -ti\ 




i=0 


N-tJ i\ 


N \N 


N-t 


i=0 ■ 


(^a|u(a;)|^')* 




\v{x)\^ dx 


y^^exp(^^^a|u(x)|^')|u(x)|^dx. (4.4) 

1 

< 1, by applying Lemma 3.1 


N 


N 

N 


Since 0 < = Nu^_\ and ||Vn 

and (53) > (D we have 


' ' |x|* ^N-t^ V ' ' 

<( ^ Il7;ll^ 

—C lli/ll'^ 

—D'q-II «-|lLiV(Riv.|3,|-t£;^). 


(4.5) 


Thus, we have proved inequality fll.dp in Theorem 1.2. 

Next we want to show aN,t is the sharp constant. 

Applying the same test sequence (I2.17p again, we have || VMfc||LiV(RiV) = 1 for all A: G N 
and ||Mfc||i,JV(RAr.| 3 ,|-srf 2 ,) = o(l) as /c ^ oo. By direct calculations, we have 

dx 




\x\ 


k 

'TT^ 


> 


OJN-ie 


N — t 




-1 


{N-t) 


N ■ 
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thus we have 


\uk\^ 


dx 

hi* 


N{N-t) 

I II N — s 
l'^fc|lLiV(RAr;|3;|-srf3:) 


—)■ cx) as k ^ oo, 


which implies inequality fll.hp fails when a = a^^t, hence we have finished the proof of 
Theorem 1.2. □ 


We now start to prove Theorem 1.3. The method of proving Theorem 1.3 is similar to 
Theorem 1.2. By using the Caffarelli-Kohn-Nirenberg inequality fl2.6p it suffices for us to 
prove the special case s = t, which states the following inequality 




\U\ 


\x\^ J^N |X| 


■dx 


(4.6) 


holds for all functions u G |x| *ds) fl with || Vn||iAr(RAr) < 1. 


Proof. Let 0 < a < aN,t and let u G |a;| ^dx) fl with || Vn|| 2 ,iV(Rjv) < 1. 

We define the function v G in the same way as in fl2.7p . 


v[x) := 


N-t\^ 


N 


n(|x|^-‘x). 


For j > q, applying the change of variables y = |a;| we have, 

'N-P 


\v{x)\^dx = 


N 
N 


N 


\u(\x\^-^ x)\^ dx 
\u{y)\^ 


\yY 


-dy, 


(4.7) 


similarly we can have 


2=0 

OO 

E 

i=0 ' 




RiV l\ 


a*/ N z' N — tp+w+^\ , ..\N'i+qdy 

\u{y)\ 


i\\N-t 


N 


By (IT^ . we have 


N-t 

N 

N-t 




^+1 


E L IT 


N 


aW N \ * 


\y\^ 


i=0 


r + 1 


N 


\v{x)\^'^~^'^dx 


exp (^— — ■^a\v{x)\^')\v{x)\'^dx. (4.8) 


N 


( 4 . 9 ) 
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Since 0 < and ||Vn||^iV(Rjv) < 1, we apply (|4.7p , (|4.8p and 

Lemma 3.2 to get 




N 


\N — t 
N 


^+1 




\v\'^dx 


< 


- 2 t + 1 


C\\v 


19 

\l<i 


=c\\ur 


(4.10) 


.N-t. 

19 

lL9(R^;|a;|-*da:)’ 

where C = C{N, a, q, t). 

Therefore (14.Op has been established and we have proved inequality (II.7p . 

Next, we will show aN,t is the sharp constant for our inequality. 

For /c G N, dehne a sequence Uk of radially symmetric function in m G (M-^; |a:| ^ds)n 
fF^’^(M) by 


Uk{x) = < 


0 if |a:| > 1 

N-t\w/q-t\ 1 _ k_ 

- u) (m — 

OON-iK/ \j\l — 1/ X 


(4.11) 


1 \ N / k 


. VoiAT-i7 \N — t 


if 0 < |x| < e 9-* 


Direct computations show that || VMfe||iiV(RiV) = 1 for all A: G N and ||ma:||l'?(r^ 
o(l) as A; —)■ oo. 

Moreover, we have 


;\x\~^dx) 




\Uk\ 


> 


Ul 


i>e 9 - 


/ N 

N-1 


dx 
|x|* 

1 k 




k \fr 


q — t \N — t 


thus we have 




dx 

hi* 


N(N-t) 

\v,\\ 


—>■ OO 


as A: —)■ oo. 


which shows that a]\r,t is the sharp constant. 


□ 
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5. Proof of Theorem 1.4. 

We first introduce the rearrangement function for a measurable function u on . We 
define the distribution function of u by 

an(A) := |{a; G |n(x)| > A}|, 

then the rearrangement function —>■ [ 0 , cxo] is dehned by 

J n**( 0 ) = ess. sup (n), 

I u^\r) = inf{A|a„(A) < r}, r > 0. 

To prove the hrst part of Theorem 1.4, let us recall some Lemmas and one Corollary 
proved in [3]. The hrst one is well-known and follows easily from the Hardy-Littlewood 
inequality. 


Lemma 5.1 Let A^>2, 0<f<A^ and q > N. Then it holds 

II'^11 — ||^ ||(5.1) 

for all functions u so that G |x|“*(ix). 

Lemma 5.2 (Lemma A.3 in [3]) Let N > 2 and let (s,t,q) exponents satisfying ei¬ 
ther 


—oo < s < t < N and N < q < oo or —oo<s = t<N and N < q < oo 
Then the embedding 

l^rdx) 

is compact. 


Proposition 5.3 (Corollary 1.4 in [3]) Assume Ij^Lfl ) with s = 

U ®iv(a|^^|^' 

TN,0,t,a{^ ) = sup - jv-t - 

||Vit||^jV(][{iV)=l 


0 , then 



is attained. 


Now we are in the position to prove the hrst part of Theorem 1.4. 
Proof of Theorem l.f (i). Consider in fll.Sp we have 


-^N,s,t,a (^) 


\U\ 


N(N-t) 
I N-a 


\L^(M.^-,\x\-=dx) 

dehne a new function v G as following, 

'N-s\w 


v{x := 


N 


■u(|x| ^-“x). 


(5.2) 


(5.3) 
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similar to fl2.13p we can get, 


\u 


N 


^■,\x\~’’dx) 


N-s' 


the direct computation also show us 


<hAr(a|n|^')f^ = 


dx 


\x\ 


N 

N-s 


^ / ^1 \N'\ dx 

^Nya—T - z\v\ ) 


'N-s' 


. N(t-s) 

x\ 


(5.4) 


(5.5) 


Let t* = G [0,A^), we notice 0 < < aN,t*- Therefore according to 

(15.dp . (15.dp and Proposition 5.3 we have 

I = SL 




sup FN,s,tAu) 

uGX, 

|Vn||^Ar(gAr) = l 

N Y+t*-N / 
N-s) ' 


/.» Kivlai^hr') 


sup 

\ ^GR'FJV(rJV) 


hi* 


\N-t* 


is attained. Hence we proved part (i) of Theorem 1.4. 


□ 


In order to prove the second part of Theorem 1.4, we want to show VN,s,t,a is attained 
when the functions u are radially symmetric. 

Proposition 5.4 Assume ([T^ holds, and let GAr,s,t,a(n) be defined as in U.9\) . Then 

A) = sup GN,s,t,aA) 


^N,s,t,a,rad\ 


l|V«|hjV(ujV)=l 


is attained. 


From Lemma 5.2 we notice the non-compactness for embedding |a;| ^dx) 

when s = t, hence we establish the following lemma hrst. 


Lemma 5.5 Assume and let {un} be a bounded sequence that belongs to X, 

with IIVM||iAr(]RAr) = 1. Also wc havc 

Un u weakly in 

as n ^ oo, then the following convergence holds as n ^ oo. 


l,N 

s.rad 


(e 


a\Un\ 


n' , 


\Ur 


\N 


~ l'^ri|^)l —77 


dx 


X 




We remark here that a similar lemma when we replace |'u„|'^—|tt„|^ by <I>Ar(a|M„|'^') 

was carried out in [3], and such an idea appears in a number of works, e.g.. 


I AT, dx 

“I )^- 

xr 


(5.6) 


(A-l)! 


\U, 


lA-l 


[T] and [7], etc. We include a proof for our case here for the sake of completeness. 
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Proof. Let tI/fc(D) := \ where N > 2, N —1 < k E N and 0 < a < a]s[,t- 

It is not hard to check |m|^ = \I/Ar_i(|M|) and |m|^ — = \I/Ar(|n|), there¬ 

fore (I5.6p becomes 


d^Ad^nl) 


dx 






X 




as n —)■ oo. 

Direct calcnlation show us, 


\l/^(r) = N 2_^ 


, ^ aC*-!"-!)) 

NN ar^-^ > — -—— 

iir-i (*-(^-1))! 

= NN'ar^-^ \I/Ar_i(r), 


T 


\N'i 


< 


\N'i 


(5.7) 


by the mean value theorem and the convexity of H/at-i we know there exists some 6 E [0,1] 
such that 


Id'Ar(l'U.nl) — ^a(|w|)| 

-h (1 - 9)\u\)\un - u\ 

<NN'a{e\Un\ + (1 - 6')|M|)^d^Ar_i(6'|n„| (1 - 6)\u\)\Un - u\ 

<NN'a{9\u^\ + (1 - 0)|n|)N^(0^^_i(|n„|) - 1 - (1 - 0)^^_i(|n|))|n„ - u\ 
<NN'a{\un\ + |M|)^(d^jv_i(|Mn|) + d^7v-i(|n|))|Un “ u\. (5.8) 


Holder inequality we have 


Then take the numbers a,b,c > 1 satisfy „ + ^ ^ = 1 which we will choose later, by 


Irn 


(TArdu^l) - TArduD) 


dx 


X 


<NN'a / dn„||M|)^-i(TAr_idM„|)TAr_idn|))|n„ - m| 


dx 


X 


<NN'a\\\un\ + \u\ 


1 

1 iV-1 




|tkAr_id-Un|) + ^N-ld'U-|)||^5^jgjv.|^|_t^^^||M„ '‘^W L<=(m ■,\x\-tdx)- 

(5.9) 


From Caffarelli-Kohn-Nirenberg inequality (12. 6 h we obtain the boundedness of M- 
|x|“*dx) for > N, which gives ns 


\un\ + ki 


ILWTTT (RiV;|a;|-t^3;) 


< c{\\u. 


nllxf 


\u\ 


0<C, 


(5.10) 


And we could choose b > 1 sufficiently close to 1 such that ba < a^d-i from Lemma 5.2 
and bN > N we know ||nn||L*>^(K^;|a;|-'>da;) ^ l|wn||L^(KJv.| 3 ,|-s^ 3 ,), combine with Theorem 1.3 
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we have 




a\un\^ l-u 


dx X1 


')‘a) 


=( 


<C||m 


^ba\un\^ I |6A 


X\ 

\x\^' 


N{N-t) 
I b{N-s) 

N{N-t) 




similarly we obtain 




(5.11) 


(5.12) 


Furthermore, from Lemma 5.2 we have the compactness for ^ |a;| ^dx) 

for c > N, hence we have the convergence 


Urt U 




—0 as n —)■ oo. 


combine fl5.10p - fl5.13p we have 




dx 




—0 as n ^ OO. 


Therefore we proved this Lemma. 


(5.13) 

(6.14) 

□ 


Now we are in position to prove Proposition 5.4 by applying Lemma 5.5. 


Proof of Proposition 5.4- Let {un\ be a maximizing sequence for ,s,t,a.rad{M‘^) ■, which 
gives us GN,s,t,a{'U'n) “t T^N,s,t,a,rad(M^) as u —)■ cx). We define a new sequence {n„} by 

N 

Vn{x) := 'iin(||Mn||^jv(KAr.|^|_aj^^)X) for X G M^. Then direct calculation show us 


II VT„||iJV(RjV) = ||VM„||iiV(]RiV) = 1, ||Tn||LJV(]Rjv.|3.|-srf3.) = 1, 


and 

(Un) (j7V,s,i,a(^n) ^ I^A,s,t,a,rad(I^ ) tIS TL ^ OO. 

Thus {vn} is also a maximizing sequence for ,s,t,a,rad(^^)- Therefore, up to a subse¬ 
quence, Vn converges to some v weakly in ra^, then v satisfies 


max{||T||i,iV(Riv.|^|-.rf^), ||VT||iiV(RiV)} < 1. (5.15) 

First we consider the case when s = t, we could assume i^v,s,a,ra(i(IR^) = J^N,s,s,a,rad(M^) 
and Gn,sA'^) = Gn,s,sA'^) ^ ^Ifad- 
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Apply Lemma 5.5 and let n —)■ cxo we see that, 


^N,s,a,rad(,^ ) 




= 1 + 
= 1 + 


\x\ 


\Vn\^ 


|y|N 




dx 




kl") 


dx 


\x\ 


(5.16) 


Pick up any uq G satisfying || V'Uo||LJV(RiV) = 1 we could 


see, 


^A,s,a,rad(^^ ) ^ ^N,s,a{d^o) 


k 




hi'* 


N 


\L^(W^-,\x\-‘‘dx) 

holl 

ZA(K^;|a:|-'>(ia:) 


^-^oo Q.J — C^— 1) 


N'j 


t H r; ^Tiy > i, 

L^(K^;|a;|-'*da;) 


combine with fl5.16l) we know the |n|'^ — |'y|^)|^ > 0, which implies v is not 

identity 0. Since ||n||iiV(]Riv.|,^|-srf,^) < 1, we get 


l^N,s ,a,rad\ 


[>N\ 


< 1 + 


/r^(' 


,a\v\^' L,| A 


\N\ dx 

I f l^l® 


\N 




ll'^llL^(K^;lxl-»dx) 

L,|A\ dx 




\N 

I(S.N ■,\x\-‘‘dx) 


(j7V,s,a(^)' 


(5.17) 
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Therefore if we can prove || Vn||/^iV(]RiV) = 1 the theorem proved. Since we already know 
II Vn||iiV(RiV) < 1 , it snfiices to show || Vn|| 2 ,iV(]RiV) > 1 . So we have 

. V 


VN,s ,Q:,radi 


i^) > G 


'^N,s,a[ 


liVnII 


) 


njlv 




J-(N-l) 


iN 


dx 


a-' '' ^ 

2 ^ (n - (N - 


||Vn||iiV(RiV) |x|* 

II 11^'-^ 


'^llL^(R^;|x|-'>da;) j=N-l (j-(iv-i))! 


E 


a 




\N'j 

lLJV'j(RiV;|a;|-^da:) 


IN 


j=N-l ll'*^llL^(R^;|3;|-“(ix) 

IU,I|N'A 


ivnir-^'^' 


>1 + 0 ;- 


+iV'iV(RJV.|a.|-S(ia.) 

llLJV(RJV + |-'>dx) 




a- 


J-(N-l) 


|N'j 

lL^T(RJV;|x|-‘>dx) 


J=N+1 


(j-(iV-l))! ||n 


\N 


L^(R^;|a;|-'*da:) 


\V 


\N'j 


+]V'j(RiV.|x|-sdx) 


j=N ~ {N ~ 1))! II'^IIl;v(rJV.|3.|-S(^3.) 


+ q;( 




- 1 ). 


— GM,s,a{v) + a{ 


l|V^|iy(R+ 


- 1 )- 


\v 


\N'N 


+Ar'iV(RAr.|x|-srfx) 

TjlV ' 

llL^(R^ + |-=da;) 


\N'N 

+iV'Ar(RiV.|a.|-s^a;) 

llL^(R^;|x|-'>d+ 

(5.18) 


combine with fl5.17p we have 

L'A,s,Q;,md(lR^) > l^N,s,a,rad(^^) + «( 




- 1 )- 


\N'N 

+lV'JV(RiV.|j.|-srfx) 
JMV ' 


ll'^llL^(R^;|x|-®d+ 

which directly tell us || Vn||x,jv(Rjv) > 1, then it follows || Vn||£,iv(Riv) = 1. Hence we shows 
that n is a maximizer for h'N,s,a,rad{^^)- 


X 


Then consider the case s < t, by Lemma 5.2 we have the compactness of the embedding 

■1,A 
s,rad 


-A L 


NrmN. ui-t 


; |a;| ^dx). Hence we have the convergence as n ^ cx), 


I^A,s,a,rad(l^ ) f^A,s,a(Un) + *^(1) 


g«hnr I 


+ 0 ( 1 ) 


X 




N' , 


\N 


dx 


\x\ 


which implies v is not identity 0. Then the following we could using the same method as 
we used when s = t to prove || Vn||j;^jv(Rjv) = 1. Therefore we have proved the existence of 
the maximizer for iyN,s,a,rad{^^)- D 

In the case s = 0, applying Lemma 5.1 on Proposition 5.4 we could get the following 
Corollary. 
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Corollary 5.6 Assume with s = 0, then 


T^N,0,t,a[ 


\>N\ 


sup 

l|V«||^iV(giV)=l 


r \qi\^ 

JlRjv e \u\ |^|t 


\u 


\N-t 


is attained. 


Then in quite the same way as we prove part (i) of Theorem 1.4, we can prove 
is attained by applying Corollary 5.6. 
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